I present a covariant approach to developing 1+3 formalism without an introduction of any basis or coordinates. In the formalism, a spacetime which has a timelike congruence is assumed.
I. INTRODUCTION
General relativity is a covariant theory which does not prefer any special coordinates.
However, its physical interpretation usually needs a splitting of tensors in time and space.
One popular method is splitting by parallel component to timelike vector and orthogonal component to that. 1 Representative examples of applying it include 3+1 formalism and 1+3
formalism [1] [2] [3] .
In 3+1 formalism, spacetime has a given structure which is a foliation of Cauchy hypersurfaces. Hence, a natural choice of timelike direction is the set of normal vectors to the Cauchy hypersurfaces. 2 One advantage of it is that the integral curves of normal vectors do not have vorticity by Frobenius' theorem [4] . Eventually, it greatly simplifies equations of the formalism. Meanwhile, 1+3 formalism assumes a spacetime which has a congruence of timelike curves. Of course, the set of tangent vectors of the curves is a natural choice for the splitting. However, we can not expect to vanish the vorticity of the congruence in general.
Non-vanishing vorticity causes many differences from 3+1 formalism. First of all, the commutator between two spatial vectors is not spatial. It implies that torsion for spatial connection does not vanish. Even it makes the spatial Riemann curvature, in the usual form, not a tensor. Hence, we need another definition of spatial Riemann curvature for spatial connection to make it tensor. In that definition, to be introduced, the spatial Riemann curvature does not satisfy the first Bianchi identity and its Ricci tensor is not symmetric.
The purpose of this paper is deriving the 1+3 splitting of the Einstein equation in a covariant way without introducing any coordinates or bases. There have been, of course, previous studies on 1+3 formalism whose history is well-summarized in [2] . Of the notable ones, [2, 5] relies on a specific basis and its components in the derivation. Meanwhile, [3] derives the formalism using general basis, but the introduction of basis complicates the discussion. This paper, also, has differences in the development of the formalism. The kinematical quantities of the congruence are defined by natural derivatives, i.e., Lie derivative and Exterior derivative. Their derived properties will be widely used throughout the paper.
On the other hand, the spatial connection is an operation induced from the Levi-Civita connection. Nevertheless, I noticed that it satisfies the condition to be an affine connection 1 The orthogonal vector to a timelike direction is spacelike. 2 The normal vectors to a spacelike hypersurface are timelike.
and related properties will be investigated.
At first, the splitting of tensors is introduced in Sec. II. Sec. III. is devoted to developing the properties of Lie derivative, exterior derivative, and covariant derivative in terms of 1+3
splitting. And kinematical quantities are defined by them. Sec. IV. reviews the spatial connection, its torsion, and its Riemann curvature. For linearity of the Riemann curvature, its form is slightly modified as in [2, 3, 5] . In Sec. V. , I introduce the splitting of covariant derivatives using Lie derivative along the timelike direction and spatial covariant derivatives in a covariant manner. As an application of it, I derive the splitting of the commutator, torsion of the spatial connection, and the spatial Riemann tensor. In Sec. VI. , the Riemann curvature is split into temporal and spatial part. Contracting its indices, the splitting of the Einstein equation is yielded in the end. Finally, in Sec. VII. , 3+1 formalism is derived from the results. This paper use abstract indices a, b, · · · to denote slots of tensors and introduce geometrized unit, G = 1 = c.
II. SPLITTING OF TENSORS
Let us consider a spacetime with a smooth timelike vector field u such that
where g is a spacetime metric. One can use the Gram-Schmidt process to split arbitrary vectors v into parallel parts and orthogonal parts to u, respectively, which are resulted in
The first term of right hand side is the parallel part and the second is the orthogonal part.
The vector parallel to u is called temporal vector and the one orthogonal to u is called spatial vector. For the sake of brevity, let us introduce the orthogonal projection operator ⊥ u defined as endomorphism from any vector to spatial vector given by
Because it is linear, one can introduce tensor notation with abstract indices as
The operator satisfies that
where f is a function and X is a spatial vector. From now on, I will denote spatial tensors by capital letter. If an exception occur, I will notify.
Linear forms can also be split based on u in the same way as the vector:
where ω is a linear form. Hence, one can naturally extend domain of ⊥ u to linear forms given by
For tensors with arbitrary rank, ⊥ u is generalized by
where t is tensor of arbitrary rank. Using the operator, one can express the decomposition of rank (0, 2) tensor by
The spatial metric which is a metric for spatial vectors is naturally induced from spacetime metric g by
Actually γ is spatial, but I will use a lowercase letter for spatial metric conventionally.
Surprisingly,
Despite the spatial metric, I will raise or lower indices by spacetime metric g for all tensor.
III. KINEMATICAL QUANTITIES
Let me investigate properties of Lie derivatives and exterior derivatives which can be defined without covariant derivatives. The kinematical quantities of the congruence are defined with these operations.
Lie Derivatives along u a
Lie derivative of rank (0, p) spatial tensor along u a is always spatial because
for any integer 1 ≤ i ≤ p where T is spatial rank (0, p) tensor. Meanwhile, Lie derivative of a tensor which has contravariant slots is not spatial because L u u a does not vanish in general.
For the sake of brevity, we will denote L u T a 1 ···ap asṪ a 1 ···ap from now on:
Let us define the acceleration A and expansion Θ as
Note that Θ is spatial because it is Lie derivative of spatial tensor along u and A is also spatial because
Expansion Θ can be decomposed into trace part and traceless part as
where Θ is expansion scalar and Σ ab is shear. Lie derivatives of metric duals of γ are yielded
Exterior Derivative
In this section, I introduce index-free notation for brevity denoting differential forms as bold letters. A differential form contracted with u more than once vanishes because the differential form is totally antisymmetric. Hence, the differential form has 1+3 splitting given by
where u is the metric dual of u, s is a p-form, Each part is yielded by
where binary operator · means contraction between right most slot of left hand side and left most slot of right hand side.
Exterior derivative of s is split by
where we use Cartan identity which is
Thus du is split as
where we define vorticity Ω by
Meanwhile, exterior derivative has explicit formula as
where v, w are arbitrary vectors. Remind that differential form is a function of vectors and vector is a function of scalar. If we choose spatial vector X and Y to contract du then we get the temporal part of commutator between spatial vectors as
where second equality comes from Eq. (27). If vorticity does not vanish, the commutator between spatial vectors is not spatial in general:
This fact is a crucial branch point of 1+3 formalism from 3+1 formalism. I will discuss derived differences throughout the paper.
Twice exterior derivative of u vanishes because of Poincaré lemma. It can be split as
where I use direct substitution of Eq. (27) and splitting of exterior derivative of acceleration and vorticity using Eq. (25). This is a set of geometrical constraints on the first order derivatives of vorticity given by
Covariant Derivative
Although Lie derivative and exterior derivative are defined without covariant derivative, there are well-known formulas written in covariant derivative [4] . Using them, the kinematical quantities are rewritten as
We can see that these are closely related to covariant derivative of u. Meanwhile, ∇ b u a has the following property:
It means that the splitting of ∇ b u a does not have temporal-temporal part and temporalspatial part. Hence, the covariant derivative is split into
where B is defined as
Therefore, we conclude that expansion Θ and vorticity Ω are symmetric and antisymmetric part of B, respectively, represented by
It explains why I introduce mysterious factor and sign in Eqs. (17) and (28).
IV. SPATIAL CONNECTION
Let us define the spatial connection D:
where ∇ is Levi-Civita connection, T is a spatial tensor of any rank and X is a spatial vector. It is an affine connection in the domain of spatial tensors because
where X, Y, Z are spatial vectors, T, U are spatial tensors of any rank, a is a real number and f is a function [6] . Based on the linearity of argument X in D, we can introduce abstract tensor index for D represented as
where T is a rank (1,1) tensor which can be replaced by tensor of any rank. 
The torsion of the spatial connection is given by
where X, Y are spatial vectors. It is linear for both arguments X, Y which can be shown easily. Hence, Eq. (53) is tensor. And I introduce abstract index notation for the torsion such that
For compatibility of T 
where f is a function.
One can define naively the Riemann curvature of the spatial connection as follows:
where X, Y, Z are spatial vectors. However, it is not tensor due to the non-linearity for argument Z as you can see that 
Indeed, it is linear for all arguments X, Y, Z which can be shown easily. Hence, Eq. (59) is tensor. And I introduce abstract index notation for the Riemann curvature tensor such that
For compatibility of R 
The definition of Eq. (59) first appeared in [7] [8] [9] and was studied in [2,3,5,10].
V. SPLITTING OF COVARIANT DERIVATIVES
We will split first and second order covariant derivatives into the temporal part and spatial part. The derivation will be shown in detail to introduce the algebra.
First Order Covariant Derivatives
To split covariant derivatives along u a , one can use Lie derivatives that are resulted in
where T is rank (0, p) spatial tensor and I use Eq. (39) in the derivation. The splitting of covariant derivatives along arbitrary direction is achieved from the spatial covariant deriva-tives:
Therefore,
Let me write some special cases for later:
where X a and Y ab are spatial tensors. Notice thatẊ a is index raising of
Using the above result, we can get the splitting of commutator between spatial vectors given by
where X a , Y a are spatial vectors. Eventually, we have the torsion and the Riemann curvature associated with the spatial connection yielded as
Using Eqs. (39), (68) and (70), we get some parts of second order covariant derviatives of u and spatial vector X as follows:
Although there are total 8 parts for the splitting of a second order derivative, I represent only necessary parts to the next section.
VI. EINSTEIN EQUATION
Now we are all ready to split the Einstein equation. We first split the Riemann curvature,
show the splitting of the Ricci and the Einstein tensor, introduce the splitting of the stressenergy tensor, and split the Einstein equation.
Riemann Curvature
The Riemann curvature tensor associated with Levi-Civita connection is defined by
where u, v, w are arbitrary vectors. Also, the Riemann curvature tensor R abcd , lowering the first index, has symmetries:
Hence, of the split parts of the tensor, there are only 3 classes of non-vanishing parts which are
Finally, using Eqs. (77) to (80), we get
They are callled Gauss, Codazzi, and Ricci relation, respectively. From symmetries of the Riemann curvature tensor associated with the Levi-Civita connection, Eq. (82), and the Gauss relation, Eq. (84), we get symmetries of R
abcd as
Note that, unlike the Riemann curvature associated with the Levi-Civita connection, Eq. (89) does not vanish due to the vorticity.
Let us define the spatial Ricci tensor as
Contracting indices a and c in Eq. (89), we get the antisymmetric part of the spatial Ricci tensor given by
Notice that R
ab is not symmetric in general2 because of vorticity.
Einstein Tensor
Contracting indices a and c in Eqs. (84) to (86), we yield splitting of the Ricci tensor resulted in
In the derivation of Eq. (92), Eq. (20) was used in contraction ofḂ. In Eq. (94), Eqs. (33) and (91) were used to eliminateΩ and the spatial Ricci tensor, respectively. Using Eq. (92) and the trace of Eq. (94), we get the Ricci scalar which is
Then, the Einstein tensor is split as
where ab denote the traceless part of rank (0, 2) symmetrized tensor defined by
for arbitrary rank (0, 2) tensor T .
Stress-energy
Stress-energy tensor T ab has splitting given by
where E is the energy density, P a is the momentum density and S ab is the stress with respect to u a , respectively. Note that P a and S ab are spatial tensors. The local conservation of T ab has splitting given by
where I used Eqs. (69) and (71) in the derivation.
Einstein Equation
Finally, the splitting of the Einstein equation G ab = 8πT ab is given by
where S is trace of S ab . Meanwhile, modified Einstein equation
splitting given by
omitting redundant parts.
VII. REDUCING TO 3+1 FORMALISM
3+1 formalism has different given structure which is a foliation of Cauchy hypersurfaces.
In this case, the unit vector field n normal to each hypersurface becomes a criterion for the splitting with the projection operator:
The most notable feature of this vector field is vanishing of vorticity by Frobenius theorem given as
Hence, there is no temporal part in commutator between spatial vectors which reduces to
Then, the spatial connection becomes torsionless,
which implies
from Eq. (56), where f is an arbitrary function. Meanwhile, the two different definition of Riemann curvature Eqs. (57) and (59) become indentical and they reduce to
The splitting of Riemann curvature associated with Levi-Civita Connection, i.e. Gauss, Codazzi, and Ricci relation, become
From that, the first Bianchi identity implies
The derived Ricci tensor becomes symmetric as R
[ab] = 0.
Finally, the splitting of the Einstein equation becomes
The splitting of the modified Einstein equation might be more useful which is
So far we have looked at the 1+3 formalism in a covariant way. In the formalism, the spacetime with a timelike congruence as a given structure is assumed. Tensors on the spacetime are split into temporal and spatial part according to the tangent direction to the congruence. The kinematical quantities defined by the natural derivatives are used to express the splitting of various derivatives. In particular, natural derivatives of vorticity are constrained by twice exterior derivatives of the unit tangent which vanishes.
The Lie derivative along the tangent and the spatial connection induced from the LeviCivita connection are used to get temporal and spatial derivative, respectively. The splitting of covariant derivatives using them is the core process to develop the formalism. For the splitting of second-order covariant derivatives, there are total 8 parts, but we need only some part to develop the formalism.
Meanwhile, the spatial connection has non-vanishing torsion and the Riemann curvature tensor which is different to the usual definition. Consequently, the first Bianchi identity of the Riemann tensor and antisymmetric part of derived Ricci tensor does not vanish.
One thing to keep in mind is that there are alternative definitions to the spatial Riemann curvature.
It is an open problem how to define Riemann curvature tensor. Alternatives can be found at [2] .
From the above results, the Einstein equation can be split into temporal and spatial parts. Moreover, if we choose the congruence whose direction is normal to a spacelike hypersurface, then the 1+3 formalism reduces to the 3+1 formalism. By doing so, we can have a deeper understanding of the 3+1 formalism. All these processes have performed in a covariant manner without the complexities caused by the introduction of a coordinate system or basis. Components of the results, if necessary, can be obtained easily because they are expressed in tensor.
Actually, this work was derived from a study which develops a covariant approach in spacetime perturbation with general background. In particular, in order to perform Lagrangian perturbation, a timelike congruence is needed as a given structure. (It usually corresponds to the trajectory of fluid.) Naturally, 1+3 splitting is appropriate for the problem.
If the 1+3 splitting of Lagrangian perturbation is completed, it will have wide applicability such as astrophysics, cosmology, and post-Newtonian approximation. This will be the future work. 
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